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INVARIANT WEIGHTED ALGEBRAS £,"^{0) 
YU. N. KUZNETSOVA 

"od : 
o . 
o ■ 

(N ■ 

^1 Abstract. We deal with weighted spaces (G) on a locally com- 

pact group G. If it; is a positive measurable function on G then 
<^ I we define the space Cp{G), p ^ 1, by equality Cp{G) = {/ : fw G 

Cp{G)}. We consider weights w such that these weighted spaces 
' are algebras with respect to usual convolution. We show that for 

I— ii p > 1 such weights exists on any sigma-compact group. We prove 

' also under minimal requirements a criterion known earlier in spe- 

. cial cases: C^{G) is an algebra if and only if w is submultiplicative. 

■ Throughout the paper G is a locally compact group, all integrals are 

a • taken with respect to a left Haar measure /x, p ^ 1, l/p+ 1/q = 1 (if 

^ ! p = 1 then q = oo). We call any positive measurable function a weight. 

I Weighted space Cp{G) with the weight w is defined as {/ : fw G 

^ ! Cp{G)}, norm of a function / being ||/||p,«; = {J Ifi^l^Y^^ ■ Indices 

G> I p, w are sometimes omitted. 

^ ' Sufficient conditions on a weight function to define an algebra C^iG) 

Q ■ with respect to usual convolution, / * g{s) = J f{t)g(t~^s)dt, are well- 

. known. For p = 1 it is submultiplicativity: 

^ ■ w{st) ^ w{s)w{t), (1) 

^ I and for p > 1 the following inequality (pointwise almost everywhere) : 

: w-" * w-" ^ nj-'^. (2) 

^ ■ Note that if ([I]) or ([2]) holds with a constant C (after ^ sign) then for 

. i the weight wi = Cw the same inequality holds without any constant. 

Multiplication of a weight by a number changes by the same number 
the norm of C^{G), preserving all the properties of the space. Thus we 
introduce the notion of equivalent weights: wi and W2 are equivalent if 
with some Ci, C2 locally almost everywhere 

Ci ^ — ^ C2. (3) 

For p > 1 it is convenient to introduce a dual function u = w~'^, then 
the inequality ^ takes the following form, independent on p and q: 

u* u ^ u. (4) 
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It is easy to notice that any function u satisfying (jlj) defines a family 
of weighted algebras Cp^{G) for all p G (1, +00): w.p = u~^^'^. 



For p = 1 weighted algebras exist, of course, on any locally compact 
group (at least with a unit weight). For p > 1 we cannot take an 
arbitrary group, and more precisely, the following theorem holds: 

Theorem 1.1. For a locally compact group G the following conditions 
are equivalent: 

(i) G is a-compact; 

(ii) for some p > 1 there exist a weight w satisfying (E]) (the space 
Cp{G) is then a convolution algebra); 

(iii) for any p > 1 there exist a weight w satisfying ([2]) . 

For an abelian G these conditions are also equivalent to the following: 

(iv) for some p > 1 there exist a weight w such that Cp{G) is a 
convolution algebra; 

(v) for any p > 1 there exist a weight w such that Cp{G) is a 
convolution algebra. 

Proof. Implications (iii)^(ii)=^(iv) and (iii)^(v)=^(iv) are obvious and 
do not depend on commutativity of G. We prove that (ii)^(i), (i)^(iii) 
and for an abelian group (iv)^(i). 

(ii)^(i). If ([2]) holds then for some x the integral {w~'^ * w~'^){x) = 
J w~'^{y)w~'^{y~^x)dy of a strictly positive function is finite. This im- 
plies that G is cr-compact. 

(iv)^(i). By [8, theorem 3] there exists an algebra Cp{G) where 
w^'' G Ci{G). Since w~'^ is positive, G must be cr-compact. 

(i)^(iii). We construct a function on G satisfying (jlj). Pick a posi- 
tive function Ui G jCi{G) (it exists because G is cr-compact). We may 
assume that HwiHi = 1. Define inductively functions n G N: 



Clearly ||ttn||i ^ 1 for all n. We put now u = and prove that 

(jl]) holds. Note the following elementary fact: 



1. Criterion for the group 



Un+l = Ml * Un- 



m—1 
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Estimate now the convolution u* u: 



oo 

Un * Uk Un+k 

U* U 



n? kP' ^—^ rp fc^ 

n,k=l n,k=l 
oo m—1 oo 

= EE 2/"^ ^ 8C(2) ^ ^ c^. 

m=l 71=1 ^ ' m=l 

Changing m to u/C, we get (jlj). □ 



2. Technical lemmas 

In general any positive measurable function can be taken as a weight. 
Some authors assume also that is locally summable, but this is 
redundant if C^iG) is an algebra: 

Lemma 2.1. If the space C^{G), 1, is a convolution algebra then 
is locally summable. 

Proof. Take a compact set A C G of positive measure. Here and further 
I A denotes the characteristic function of a set A. Consider the functions 
ip = IaI max{l, w} and ip = Ia-^-aI max{l, w}. As ipjip & Cp{w), then 
also T = ip*4' & Cp{w). At the same time G £1 and if) G £00, so that 
r is continuous. Since also t\a > we have min^ r = tq > 0. Thus, 
I A ^ t/tq, what implies I a G jCpi^w) or, equivalently, w G Cp{A). □ 

Lemma 2.2. The set Bq{G) of all bounded compactly supported func- 
tions is a dense subspace of every algebra C^{G). 

Proof. Inclusion Bq{G) C Cp{G) follows from the previous lemma. It 
is known that Bq{G) is dense in Cp{G), therefore w~^Bq{G) is dense in 
Cp{G) = w~^Cp{G). Let now / G w^^Bq{G) be compactly supported, 
but not necessarily bounded. Changing it on a set of arbitrary small 
measure e, we can make / bounded; e is to be chosen according to 
continuity of the integral ||/||p,«, = as a set function. □ 

The property of submultiplicativity ([T]) is essential in the weighted 
algebras theory because exactly this property posess the weights of 
L^(G) algebras (see theorem 13.31 below) . We need the following lemma 
on submultiplicative functions (it is in fact proposition 1.16 of [2]): 

Lemma 2.3. Let a measurable function L : G ^ be submultiplica- 
tive, i.e. satisfy and positive. Then L is bounded and bounded away 
from zero on any compact set. 
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The following condition studied first by R. Edwards [2J is also impor- 
tant for the weighted spaces theory. A weight w is of moderate growth 
if for all s e G 

Lg = ess sup — -— < oo. (5) 
t w[t) 

This condition is equivalent to the space U^iG) (for any p ^ I) being 
translation-invariant 0, 1.13]. In the non-commutative case, cor- 
responds to left translations; taking w{ts) indtead of w{st), we get a 
condition for right translations, in general not equivalent to the former. 
Immediate calculations show that 

/ \\p,w T /r\ 

sup^^ — = ^s-i- (6) 

The condition implies that Lg > 0, L^t ^ LgLt, and 

^w(st) 

essmf , / = 1 Lg-i > 0. 
t w{t) ' 

Lemma 2.4. // ([5]) holds for locally almost all s & G then it holds for 
all s e G. 

Proof. Let 5* C G be the set of s for which the inequality (JSj) holds. By 
assumption S and hence is locally of full measure. Pick a set T C 
SnS~^ of positive finite measure. Then T-T~^ contains a neighborhood 
of identity U . As L (finite or infinite) is submultiplicative, S is closed 
under multiplication and therefore U C T ■ C S ■ S C S. By the 
same reason SU C 5*, and since S (being locally of full measure) is 
everywhere dense, then S = G. □ 

Lemma 2.5. [3l th. 2.7] If a weight w satisfies ([5]) and is locally 
summahle then it is equivalent to a continuous function. 

Corollary 2.1. Let Lp{G) be an algebra with a weight w satisfying 
([5]) . Then w is equivalent to a continuous function. 

Proof. By lemma 12.11 for any compact set F we have w G jC.p{F) C 
Ci{F), therefore we can apply lemma [231 □ 

On a compact group any continuous function is equivalent to a 
constant function, thus on a compact group all translation-invariant 
weighted algebras are isomorphic to the usual algebra Cp{G). Con- 
verse of the corollary does not hold: 

Example 2.1. There exist an algebra -L^(M) such that w is continuous 
but does not satisfy ([5]). Let < a„ < 1, yl„ = [n + «„, n -|- 1]. We put 
w\a^ = 1 + n^, w{n + an/'2) = 1 + \n\ and extend w piecewise linearly. 
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For a„ = 72 ^ the condition ([2]) is satisfied but ([5]) does not hold in any 
neighborhood of zero. 

3. Criterion for the algebra Ci{G) 

In the case when p = 1 the class of weights defining convolution alge- 
bras Cp{G) admits a complete description, and it turns out that every 
weight is equivalent to a continuous function. The following theorem 
was proved by Grabiner [5] in the case of the real half-line (without 
statement of continuity which is false on the half-line). Edwards [2] 
proved equivalence of (i) and (ii) on a locally compact group under 
assumption of upper-semicontinuity of w, and later Feichtinger [3j for 
translation- invariant algebras Ci{G). Our theorem generalizes these 
results. 

Theorem 3.1. For a weight w the following conditions are equivalent: 

(i) w is equivalent {in the sense of ([3])) to a continuous suhmulti- 
plicative function; 

(ii) Ci{G) is a convolution algebra; 

(iii) for some p, 1 ^ p < oo, the inclusion Cf{G) * Cp{G) C Cp{G) 
holds. 

Proof. Implications (i)^(ii) and (i)^(iii) are immediate whereas (ii)^(i) 
is a special case of (iii)^(i) with p = 1. We prove therefore only 
(iii)^(i). 

Inclusion (iii) implies (cf. [6, 38.27]) that with some constant C 

11/ * g\\p,w ^ C||/||i,^||5(||p,^„. 

Repeating argument of lemma 12.11 we conclude that together with 
w are locally summable. Thus the spaces C^^G), Cp{G) contain cha- 
rasteristic functions of all sets of finite measure. For such sets A, B 
and arbitrary s, t we have pointwise 

^i{A)I,tB ^ La * Ia-hb, (7) 

whence 

M^)ll -^stsllpjW) ^ C'||-^sA||l,w||-^A-it_B||p,'!i;- (8) 

We need here a generalization of the Lebesgue differentiation theo- 
rem. On a locally compact group one may state the theorem as follows 
(see a general statement in the review fl] and specifications for the 
group case in [7]): there exists a family V of sets of positive measure 
directed by downward inclusion such that for any locally summable 
function / 



Jim--- / f{t)dt = f{x) (9) 
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for locally almost all x E G. At that every V G V contains the identity, 
and every neighborhood of identity contains eventually all F G V [71 
VIII, 1-2]. 

So, for locally almost all s G G ([9]) holds with f = w, x = s. For 
each such s ([9]) holds both with f = and / = hu^ for locally almost 
all X = t. For such s, t and any e > for sufficiently small G V 

IIW||^,.= / {Mr)Ydr>w^{st)f,{V)/{l + e), 
Jtv 

\\Itv\\l,^= I w'{T)dT<w^{t)^^{y){l + e). 
Jtv 

Fix V such that these inequalities hold. Since the integral of are 
continuous as functions of a set, there is a compact set -B C such 
that 

<{l + e) II 

^stB IIpjW; 

Moreover, there exists a neighborhood of identity (with compact clo- 
sure) Vo such that 

ll-^yo-^tBlIp,-!" < 0- + ^)\\hB\\p,w 
And, finally, for sufficiently small A G V, A C Vq holds 

||/sa||i,i« < {1 + e)^,{A)w{s). 

Obviously, \\Ia-hb\\p,w ^ \\Iv^Hb\\p,w and ||/tB||p,^ ^ ll-^tv||p,«>- Uniting 
all these inequalities with ([8]), we get: 

li{A)ii{Bf/Pw{st) < C{1 + ef/'f'+'^ ii{A)ii{BY/Pw{s)w{t), 

and in the limit as e ^ 

w{st) ^ Cw{s)w{t). (10) 

This inequality is obtained for locally almost all t with fixed s for locally 
almost all s. But by lemma [27il for w the condition ([5]) holds, and by 
lemma [2751 w is equivalent to a continuous function Wi. For Wi (ITOl) 
(with another constant) holds for all t and s. Finally, multiplying wi 
by this constant, we get a continuous submultiplicative weight. □ 

As a corollary we obtain a description of multipliers of the algebra 
Ci{G). Gaudry [3] proved under assumption of upper-semicontinuity 
that multipliers of Ci{G) may be identified with the weighted space 
Ai'^{G) of regular Borel measures such that / wd\fi\ < oo. As the 
weight can be always chosen continuous, statement of the theorem is 
simplified: 
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Theorem 3.2. A bounded operator T on an algebra C^{G) commutes 
with right translations if and only if it is a convolution with a measure 
fxeM'"iG): Tf = ^i* f for all f e mC). 

\i p > 1, the weight of an algebra cannot in general be chosen con- 
tinuous: 

Example 3.1. G = T, p = 2. Parametrize the circle by t G [—1,1] 
and take w{t) = (another example: w(t) = \t\^^^)- 

an algebra but the weight is not equivalent to a continuous function. 
At that i^^(T) is not invariant under translations and L^(T) with the 
same weight is not an algebra. 

The fact that Li{G) is an algebra implies the weight is submulti- 
plicative and all the spaces Lp{G), p ^ 1, are translation- invariant 
(i.e. ([5]) holds). Converse is true for abelian groups: 

Theorem 3.3. Let G be an abelian locally compact group, Cp{G) an 
algebra with a weight w satisfying ([5]) . Then w is equivalent to a sub- 
multiplicative function. 

Proof. By lemma 12.51 we may assume w is continuous, and by lemma 
12.31 the function L is bounded on any compact set. Pick a compact set 
D = of positive measure, and let L(r) ^ N for r E D. Then for 
s E G, r E D we have 

wis) 

-j;^ ^w{sr) ^ Nw{s). (11) 

Take now arbitrary s,t E G and use inequality (I7l) with V = U = D. 
We get then 

fi{D)\\IstD\\<\\IsD\\-\\ItD4, 

whence by ( TTT]) 

l2{Dy+^/Pw{st)/N ^ N^^i{DY/y{D^f'Pw{s)w{t), 

i.e. w{st) ^ Ciw{s)w{t), what completes the proof. □ 

Note that on a discrete group weight of any algebra for all p ^ 1 is 
submultiplicative. Inequality ([T]) obtains when passing from 1st = Is*It 
to the norms in C^iG). 

4. Approximate units 

Algebras £p (G), as well as those without weight, have a unit iff G 
is discrete. In the classical case (of a compact group) Cp{G) always 
have approximate units. In the weighted case moderate growth of the 
weight (see th. 14.11) is sufficient for an algebra to have an a.u. If 
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the weight is not moderate, this theorem may not hold, see example 
14. 1[ Invariant algebras £p (G) do not have bounded approximate units 
(theorem 14.21) . It follows these algebras are not amenable [9]. In this 
section, theorems are proved for left a.u., but the same is true for right 
a.u. with interchange of s and t in the condition ([5]). 

Lemma 4.1. Let Cp{G), p ^ 1 be an invariant algebra. Then for any 
f G jCp{G) and e > there exists a neighborhood of identity U such 
that for allt eU \\f - ^f\\p,w < 

Proof. Suppose first that / G Cp{G) is compactly supported, F = 
supp /. Pick a relatively compact neighborhood of identity U, then 
supp ^f G UF when t E U . By lemma 12.51 we may assume w is con- 
tinuous, thus bounded on every compact set, so that C = supw < oo. 

UF 

Now 

||/-*/IU= ( / \f{x) - f{tx)\V{x)dxy^' ^C\\f - iWp, 

^ JUF ^ 

where the latter norm is less than e for t in a sufficiently small neigh- 
borhood of identity V G U. 

Let now / G Cp{G) be arbitrary. For any e > it may be approxi- 
mated by a compactly supported function ip G Cp{G), \\f — (p \\p^w < £ 
(lemma 12^21) . Pick again a symmetric relatively compact neighborhood 
of identity U. By lemma 12.31 the function L defined in the formula ([HD 
is bounded on every compact set, so that D = supu L < oo. Now by 
equality for t E U 

II*/ - Vllp,t« = lit/ - V^)llp,t« ^ ^i-i||/ - V^llp.^; ^ ^11/ - V\\p,w, 

and 

ii/-*/iip,«, ^ ii/-^iip,«.+ib-viip,«^+ir/-viip,«^ < £+De+c\\ip-mp, 

what is less than e{l + C + D) for t in a sufficiently small neighborhood 
of identity V gU. □ 

Theorem 4.1. Let £p{G), p ^ 1 be an invariant algebra. The net 
= ^u/f^i'^), where v runs over the net of all relatively compact neigh- 
borhoods of identity, is a left approximate unit in Cp{G). 

Proof. Note first that all belong to Cp{G) (prop. 12. 2p . Convergence 
^u* f ^ f for every / G 0^{G) is proved in a standard way. By lemma 
14.11 exists a neighborhoods of identity U such that || / — * ^f\\p,w < £ 
for t E U. We can estimate the norm ||,^,^ * / — f\\p,w, v G U using 
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functionals of the conjugate space: for every y9 G £^ ^(G) 



G 



^ sup II* / - /||p,,i,||v5||g,^„-i < £:||v3||g,^-i, 
teu 

i.e. II* y — /||p,«, < e, what proves the theorem. □ 

Example 4.1. If the weight fails to satisfy the statement of the- 
orem 14.11 may not be true. The following algebra is a counterexample. 
Take G = M, p = 2. We denote n = max(|n|, 1) and define the weight 
in the following way: 



w{t) 



n, t E [n,n + 

tE[n + l/n^,n + 1). 

We show first that (2) holds for w after a multiplication by some con- 
stant, i.e. £^(M) is an algebra. Denote 

In = I[n,n+ljn'^)^ ~ / ffi ,n+l) ■ 

In these notations w = ^(n/„+n^/^). Using a trivial estimate Ia*Ib ^ 
mSji{ii{A), ^{B)}Ia+b and inequality 

E ^=^^^(2E- + i) = — 

^ n"{m - riY m° ^ n°' 

n=— oo ^ ' n=l 

for a = 2,4 and integer m, we can estimate convolution in (2): 



^n^m'^ n^m^ n^m^ 



*W-^ = y2 (-^In * Im + * IL + -^IL * IL) ^ 

z — / Vn^r^ 

n,m 

1 . „ 1 . 1 

'n+m+[0,2) 

n,m ^ ' 



^ E ( -2-2 /-2 - ON -^n+m+[0,2) + ^ - n - 4 - o -^"+^+[0,2) + _ .-^n 

' Vn^m^ maxln^, m"^) n'^m^n'^ n^mr 

n,m ^ ' 

Obviously i2^(M) is not translation invariant. 

Now we prove that this algebra has no a.u. consisting of nonnegative 
functions. Suppose the opposite, i.e. that ^ are an a.u. 
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First we show that i„ = f^y^ 7^ 0. Let 1$ = /[o,6] be the indicator 
function of [0, 5], < 5 < 1/4. As 

{Is * ea)it) = / e«, 

Jt-5 

then Is * Ca ^ ia m ^ [0, S]. But if ia 0, then 

Thus, la -h 0, what means that integral of either over [—1/4,0] or 
over [0,1/4] does not tend to zero. Suppose the latter (otherwise we 
should define below as left shifts of /„ instead of right ones). 
Introduce functions 

00 00 

n=l n=l 

where /„ = -^n+[i/n2,2/n2)- We will choose «„, 7„ so that / e £2 (^)) 
g & JC2 ^ (^) ■ According to the definition of weight 

n=l ^ 

00 ^ 

Il9ll2,«;-l = 7„2 ^ = 2^ 7n2 ■ 

n=l 

Thus we can put 7„ = 2^"'/9„ and take any sequences a, f3 ^ £2- 

Now we show that f*ea 7^ /• It is sufficient to show that {f*ea, g) 7^ 
(/, g) . Since (/, g) = 0, we should show that 

{f*ea,g) = {ea,r *g) -h 

(here P ii) — f{—t)). Let us calculate the convolution 

* 5' = anlkl2^ * hk- 

For fixed n. A; 

supp I^n * /s-fe = supp I^n + supp /a-^ = 2^= - 2" + [-2"^", 2"^*^]. 

We will be interested below in the segment [0, 1] only, i.e. convolutions 
with n — k. These we calculate explicitly: 
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where 

'22"t, tG [0,2-2"], 



Jn = mm(l + 2'''t, 2) - ma.x{2'''t, 1 



2 - 22"t, t G [2"2", 2 



2n ol-2nl 



This function is piecewise hnear, and J„(0) = J„(2^ 2") = 0, J„(2 2") 
1. Thus, 

(/^ * ^7)l[o,i] = $^a„7n2-'"J„ = 5^a„/5„2"J„. 
Put now an = Pn = 2-"/^. As required, G £2, and 

(/^ *^)|[o,i] = ^ Jn = ^• 

Next we estimate J: 

22n _ 1 A 
^ ^22-2ri _ _ 

3 3 



J(2-2") = ^2^^ ■ 2-2^^ = ^ ^22-2" = -(1 - 2-2") 



fc=i 

J(2i-2") = ^22'=. 2^-2" = = ^23-2" = -(1 - 2i-2«) 

(in the latter case n > 1). Remember that all summands are piecewise 
linear, therefore 1/3 ^ J ^ 4/3 on (0, 1/4]. It follows that 

1 /-l/d /■ 4 |-l/4 



i.e. / 60 J 7^ 0. Since (cq,, * g) ^ J CaJ, we proved that Cq, is not an 
approximate unit. 

Theorem 4.2. Let G be a non-discrete group, p > 1, and let C^{G) 
he an invariant algebra. Then this algebra has no bounded approximate 
unit. 

Proof. Suppose that C^{G) has a left b.a.u. Then [HI th. 32.22] C^{G)o 
X is a closed linear subspace in X for any left module X over C^iG) 
with a multiplication o. Take X = ^ {G). This is a left module over 
C^{G) with multiphcation f o g = g * , p{x) = f{x~^). 

Show that Y = Cp{G) o X is dense in X. For this purpose, it 
is sufficient to show that closure of Y contains indicator functions of 
all compact sets. Let A C G be a compact set. Take a relatively 
compact neighborhood of identity V = V"'^, then ly = ly^i G Cp{G), 
Iav £ ^ because both V and AV are relatively compact. Put fy = 
Iav * W/l^{y) = ° ^Av/t^{V), fv £ Easy to check that 

Ia ^ fv ^ Iav^, 
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whence ||/^ — ^ II-^a — -^av^H- At the same time 

Jav'^\a 

what tends to zero as n{V) — > due to the fact that is locally 
summable. This means that Ia belongs to the closure of Y, and it 
follows that Y = X. 

Thus, for every ip E Y there are / G {G), g G >Cp (G) such that 
^ = 9°f = f* 9^ ■ But now 

Mx)\^\{f*g^){x)\^\ jmg{x-H)dt\^ 

^ ir 9\\p,w ^ ||5'||p,«>- 

This means that <^/L e £00 (G). As Y = ^^''{0) = wCgiG), we get 
for all i/j e J^q(G) that ipw/L e JC^. Since on every compact set F the 
function w is bounded away from zero and L is bounded, we get that 
Cq{F) C Coo{F), what is possible for finite F only. This contradicts 
assumption that G is not discrete. □ 
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